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We theoretically investigate the electro-mechanics of a Suspended Carbon Nanotube with a De- 
flection Sensitive Resistance subjected to a homogeneous Magnetic Field and a constant Voltage 
. - - , Bias. We show that, (with the exception of a singular case), for a sufficiently high magnetic field 

^^ ■ the time-independent state of charge transport through the nanotube becomes unstable to selfex- 

^~~^ ' citations of the mechanical vibration accompanied by oscialltions in the voltage drop and current 

>— ' . across the nanotube. 

(N : 

^ ■ In recent years, the electronic and elastic properties of carbon-based nanostructures, such as graphene and carbon 

^~~i [ nanotubes (CNT), have been the subject of intense research. Due to their exceptional electronic and mechanical 

t^^ . properties, being both light and extremely stiff, they hold promise for a number of future applications in nano- 

electromachanics (NEM). One of the recent results has been the realization of devices in which the electronic transport 

|_i ' , of suspended CNTs exhibit a strong sensitivity to mechanical bending. Such a NEM coupling was shown experimen- 

jrt ' tally in the seminal work of V. Sazonova et al'^ and more recently in-''. It has also been studied theoretically in several 

r*! [ papers'''. In these devices, a semiconducting CNT is suspended over a gate electrode and the change in resistance 

' ' is caused by a change of electronic doping determined by the distance between the CNT and the gate. In a previ- 

qj [ ous paper'' we considered their behaviour in the DC-current bias regime and we showed that, given any monotonic 

Cj ■ dependence of the resistance upon displacement, in the DC-bias regime there is (almost) always a critical magnetic 

. ' field He above which the static state of the nanotube becomes unstable to selfexcitations of the mechanical vibration 
I > ■ . . . . 

jrt ■ accompanied by oscillations in the voltage drop across the nanotube. Rough estimates demonstrated that the critical 

ri ' magnetic field in this case could be as small as in the order of lOmT. In this paper we generalize those earlier results 

I [ to the Voltage Bias regime and we show that selfexcitations can be achieved by the means of a magnetic field pro- 

'^ ■ vidcd that there is also some inductance in the system. Depending on the relationship between certain characteristic 

^ [ timescales of the system the critical electro-mechanical coupling parameter can be either positive or negative. The 

O • disposition of this paper more or less follows the structure of the previous work, and for a more thorough discussion 

on the basic phenomena we refer to''. 
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The device is shown in figure (1). A (semiconducting) carbon nanotube is suspended over a gate electrode and 
subjected to a homogeneous magnetic field H perpendicular to the direction of the current and parallel to the gate 
electrode. We assume that only the fundamental bending mode is excited to any appreciable degree and we make the 
Ansatz z{t,x) = u{t)(po{x) for the mechanical deflection, where 1^90(2;) is the normalized profile of the fundamental 
mode' . This is motivated by the fact that the Lorentz force, which is the active feedback on the nanotube, is almost 
uniform across the tube and therefore have most effect on the fundamental mode. The conductivity of the nanotube 
is a function of the concentration of charge carriers which in turn is the product of the gate voltage Vg and the mutual 
f^ ' capacitance Cg{u) between the nanotube and the gate electrode. The reason why the resitance R(u) changes when 
the nanotube bends is because Cg(u) depends on the distance between the nanotube and the gate. For our purposes, 
the important quantity to be drawn from the NEM coupling is the characteristic length defined by 
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The significance of this value will be shown below. Obviously, one can equally well consider other causes of the NEM 
coupling such as the effect of pure mechanical strain®'^ and the considerations below remain valid given any deflection 
sensitive resistance. The possibility of obtaining selfexcitations from other NEM-couplings will be discussed further 
at the end. 

When the CNT is connected to an external voltage source Vh, a Lorentz force proportional to the current through 
the nanotube and the magnetic field causes a defiection of the CNT. As mentioned before, if the bending of the 
nanowire is on a scale much smaller than its length, the Lorentz force could be considered uniform and directed 
vertically at every point. If we assume that the mechanical motion is governed by the Eulcr-BcrnouUi equation for an 
elastic beam, we arrive at the following set of equations for the time evolution of the voltage drop across the nanotube 




I„,= V/R(u) 
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FIG. 1: The figure depicts a (semiconducting) carbon nanotube suspended over a gate electrode. The circuit is kept under 
a constant bias voltage and the nanotube is subject to a homogeneous magnetic field perpendicular to the direction of the 
current. Furthermore we assume that there is some capacitance and inductance in the system. A Lorentz force proportional to 
the curent through the nanotube and the magnetic field causes a deflection of the tube, which in turn changes the resistance. 
The inset on top shows the electric circuit. 



V{t), the current I(t) and the amphtude of the fundamental mode u(t): 

mil + "fii + Ku ~ LHV/R{u) 

CV = I-Icnt, Icnt^V/Riu) 

ci = Vb-v 



(2) 



Here m and L arc the effective mass and length of the suspended part of the nanotube. k and 7 are the effective 
spring and damping constants, C is the capacitance of the junction and C is the total inductance of the circuit. The 
system of equations (2) has a time independent solution given by 



u{t) = lio = LHIq/k 

V{t) ^Vo = Vb 

I{t) = /o = 14/i?(uo) 



(3) 



A linear stability analysis of the time independent solution yields the following secular equation for the Lyapunov 
exponents A: 
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P(A, /?) = (A^ + Q-^X + 1 - /3)(A^ + — A + -^) + /3^A = 0, (4) 

UJQ Wq U!q 

where ujq ^ \J KJm is the eigenfrequeney of the fundamental mode, ojb. — ^ / {R{uq)C) is the RC-frequency, lol — 
^yi/JCC) is the LC-frequency and Q ~ ^J nmj^ is the quality factor^". The parameter /3, referred to as the magneto- 
mcchanieal eoupling parameter, is given by 

LHn/R{uo) 

Since /? depends on uq it is not necessarily directly proportional to the externally adjustable parameters H and 
Vf,. However, if the static deflection uq is small on the scale of the characteristic length, to a first approximation /? 
could be considered proportional to H. When some of the solutions to equation (4) have a positive real part, small 
deviations from the stationary solution (3) will grow exponentially during a certain time interval and eventually lead 
to a stationary state characterized by oscillations in all variables. By the use of for example the argument principle 
from complex analysis, one can show that two of the Liapunov exponents obtained from equation (4) have positive 
real part when 

|/3|>|/3e|, Sgn(/3) = Sgn(/3e) (6) 

where the critical magneto-mechanical coupling parameter /3c is given by 



j_ / '^L^^O , (^l/Q + i^RUJo\ 



We see that /3c is negative when wl > wq and positive when ujl < woj with a singularity obtaining for uj^ — i-jq. In 
the latter case there cannot be any instability regardless of the value of /3. The physical meaning of the sign of /3 is 
the following: If the coupling parameter is negative the carbon nanotube is pushed towards increasing resistance and 
if it is positive the nanotube is pushed towards decreasing resistance. Of particular interest is the low capacitance 
limit (C — >■ 0) for which equation (7) reduces to 

By letting the capacitance go to zero we have in effect excluded the charge as a variable of the system and the 
relation between the voltage drop over the nanotube and the current is simply given by Ohm Law: V — IR{u). 
As we can see, in this case the critical coupling parameter is always negative and if we assume a large quality 
factor it reaches a minimum absolute value approximately when cjg = R/C This is in contrast to the Current 
Bias regime where the critical coupling parameter is always positive and reaches a minimum when ujq ~ \/{RC) 
for high quality factors, see''. If no external capacitors or inductors are added to the circuit one can safely assume 
that Wo ^ l/C*, l/£. It is thus evident that in the Voltage Bias regime, instability is more likely to occur at a low 
resistance while the opposite applies to the Current Bias regime. For a theoretical discussion on the self-inductance 
of a CNT we refer to^^. Detailed calculations on the evolution of the instability are omitted here and we have 
to refer to computer simulations. It should be noted that, for a large characteristic length scale, the equations 
(2) are only valid in a limited region of phase-space and in order to accurately descibe the time evolution out- 
side this region one would have to include non-linear dynamical effects, especially in the mechanical degrees of freedom. 

To conclude, in this paper we generalized our earlier results and showed that self-oscillations are possible also in 
the Voltage Bias regime provided there is some inductance in the circuit. One of the qualitative differences that 
showed up was the possibility of a negative sign in /3c. This circumstance might be of importance if we wish to utilize 
the effect of pure mechanical strain on the resistance. In this case the deflection dependence of the resistance is 
symmetric around the straight equilibrium configuration of the nanotube, hence, the sign of /3 cannot be reversed by 
simply changing the direction of the magnetic field. Moreover, for metallic nanotubes the resistance is indeed likely 
to increase with bending'". 
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